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Suppose that «, € C satisfy |f] < 1 and af = —1. We put U, = (a" — ") /(a — )
(n > 0). In particular, if 3 = (1 —+/5)/2, then U, (n > 0) coincide with the Fibonacci numbers
F, (n>0). For s € N, set 0¢(s) = 1, and for s > 2, set

als)= (-1 3 st (<i<s—1),
1<rm <..<r;<s—1

which are the elementary symmetric functions of the s — 1 numbers —1, —22, ... —(s —1)%

Let a; be the coefficients of cosec’s = 272 + Z;io a;x® | which are given by

aj 1 = (=1Y71(25 = 1)2¥By;/(25)! (> 1),
where Bs; are the Bernoulli numbers.

Theorem 1. Suppose that 3 € Q, and set @y = (a — B)™2>.°° U (s € N). Then the
numbers ®o, ®4, Pg are algebraically independent, and for any integer s > 4

Dy, = (2%_1)‘ (08—1(8)/% - Z %Us—jﬁ(s)(@j — (=1)%¢; - aj))
with

1 5
ps = Py (s odd), = 5(4@; + 20y — 180, +w — Z_l> (s even),
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25

4 ) P = (24<I>2 - 1)(16(1)2 —13®y — 5w + 25)
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16P3 — 130, —
w 3<6 32 5&)"‘ 4

325 =1
where w = (56Pg + 5/4) /(4P + 1).

%’ = ;) <2(24(I)2 — 1)1/1]'_1 — 32¢i¢j—i—1> (] Z 3)7
i=1

Theorem 2. Put hys := (o — 3)723°°° Uy, * (s € N). Then, for —1 < 3 < —1+ 4y,
(0 = B7)*hae = (14 O(e™ ™/ Zr W, n=—log(—p),

where &g is a sufficiently small positive number. The sum on the right-hand side is a convergent
series with coefficients ng) € Q[n]. In particular

Ty = 2271 (=1)* " Byyr®/(25)! .



